BF gravity with Immirzi parameter and cosmological constant 
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The action principle of the BF type introduced by Capovilla, Montesinos, Prieto, and Rojas 
(CMPR) which describes general relativity with Immirzi parameter is modified in order to allow 
the inclusion of the cosmological constant. The resulting action principle is on the same footing as 
the original Plebanski action in the sense that the equations of motion coming from the new action 
principle are equivalent to the Hoist action principle plus a cosmological constant without the need 
of imposing additional restrictions on the fields. We consider this result a relevant step towards the 
coupling of matter fields to gravity in the framework of the CMPR action principle. 
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o : 

The research in quantum gravity led by its two main branches (loop quantum gravity [l| and spin foam models for 
. gravity Q ) has recently motivated the study of the classical descriptions for general relativity and theories related to 
r ^ " it, particularly, the formulations ofgravity of the BF type. For instance, Cartan's equations in the framework of BF 
theories are analyzed in Refs. [3, Hf while the relationship of general relativity to the Husain-Kuchar model in the 
Q\ • framework of BF theory is analyzed in Refs. 043- 

As is well know, general relativity was formulated as a constrained BF theory by Plebanski in the mid-seventies 
Q. The fundamental variables used for the description of the gravitational field are two- form fields, a connection 
' one-form, and some Lagrange multipliers. This framework was extended much later in order to include the coupling 
of matter fields |9|. These formulations are complex and one has to use reality conditions in order to get real general 
relativity. There are other formulations for gravity expressed as a constrained BF theory which are real, and were 
bJQ, given in Refs. [13, H2 and [HI In particular, the one given in Ref. [TH includes the so-called Immirzi parameter (T34l5j . 
I— ~~ 1 ■ Recently, the issue of the introduction of the cosmological constant in the framework of Ref. [IH was studied by Smolin 
I | and Speziale This issue is also the goal of this paper. Our approach is different from the one followed in Ref. 

and, in our opinion, is close to the original Plebanski formulation. So, we are ready to make the introduction of the 
' cosmological constant and, at the end of the paper, we will comment on the relationship between the results of this 
C*~) paper and the ones of Ref. [l6|. 

The action principle for pure gravity introduced by Capovilla, Montesinos, Prieto, and Rojas in Ref. [H (hereafter 
CMPR) is given by 

(N ■ , 

S[Q,A,tP,»] = J 

where A 1 j is a Euclidean or Lorentz connection one-form, depending on whether SO(4) or 50(3, 1) is taken as the 
internal gauge group, and F 1 j[A] = dA 1 j + A 1 k A A K j is its curvature; the Q's are a set of six two-forms on 
k> , account of their antisymmetry Q IJ = —Q JI ; the Lagrange multiplier iPijkl has 21 independent components due to 
the properties vb IJKL = yb KLIJ , vb IJKL = -ybjiKL, and iPijkl = -ipULK] the Lagrange multiplier implies the 
additional restriction axipi.j IJ + a 2 ^ijKL e IJKL = on the Lagrange multiplier ^ukl- The Lorentz (Euclidean) 
indices I,J,K... are raised and lowered with the Minkowski (Euclidean) metric (r/u) — diag(<r, +1, +1, +1), where 
a = +1 for Euclidean and a = — 1 for Lorentzian signatures. 

The variation of the action (JTJ) with respect to the independent fields gives the equations of motion 



Q IJ A F U [A] - \vb I]KL Q IJ A Q KL — /i ( ai vb u 13 + a 2 vb IJKL e IJKL ) 



(1) 



SQ 



F IJ [A]-tp IJKL Q K ^ =0, (2) 



8 A : DQ IJ = 0, (3) 

81> : Q IJ A Q KL + 2a 1 W /|i V 1L + 2a 2 ^s IJKL = 0, (4) 

Sfi : ax il>u IJ + a 2 ipijK L s IJKL = 0. (5) 

It was shown in Ref. UH that the solution of Eq. Q for the two-forms Q IJ is given by 

Q IJ = a* (e 1 Ae J ) + f3 e 1 A e J , (6) 
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where * (e 1 A e J ) = ^e IJ kl& K A e L and the constants a and /? satisfy 

ai 4a/3 

By inserting the solution ^ into ([!]), we get 



S[e, A] = a f * (e 1 A e J ) + — e 1 Ae J 

ijt* L a 



(7) 



AFj;[A], (8) 



Before introducing the cosmological constant, it is important to remark the logic involved in the BF-like description 
for gravity given in Eq. ([1]). First of all, once we know the meaning of Q's through Eq. ([6]), the insertion of ([6]) in ([3]) 
implies that A 1 j is the spin connection. Therefore, the curvature F 1 j must satisfy Bianchi identities with no torsion 
F 1 j A e J = or, equivalently, using Fu = ^F IJKL e K A e L , 

Fijkl + Fjkl.j + Filjk — 0. (9) 

Einstein's equations in vacuum, on the other hand, are given by *F I j A e J = or, equivalently, 

* Fijkl + *Fjklj + * Filjk = 0, (10) 

where * Fijkl — \^ij MN Fmnkl is the left dual of Fijkl- Therefore, in vacuum, Einstein's equations (fT0|) have 
the same form as the Bianchi identities (j9j) but with Fijkl replaced by its left dual * Fijkl- The relevant point in 
the BF description given in ([1} is that the Eqs. © impose additional restrictions on the field iPijkl and once these 
are taken into account Eqs. (fT0[) are automatically satisfied due to the use of Eq. ([2]), the properties of tpijKL, and 
Eq. ©. 

Now, let us come back to the issue of the cosmological constant, the heart of this paper. The inclusion of the 
cosmological constant A modifies the right-hand side of (ITU)) , which becomes 

* Fijkl + *Fiklj + * Filjk = ^£ijkl, (11) 

while ((9|) remains if we assume that F 1 j is still the curvature of the spin connection, i.e., that there is no torsion. 
In order to introduce A in the CMPR action principle we have at our hands the two volume terms that can be built 
with the Q's: Qu A Q IJ and Qu A *Q IJ ; so it looks natural to use both of them following Ref. U3. With this in 
mind, we consider the modified CMPR action principle 



Q IJ A Fu [A] - ^iPjjklQ" AQ KL -V («i 1>ij " + a 2 ^ijkl e IJKL - U) (12) 

+hQu AQ IJ + h QuA*Q IJ 



where l\, I2, and H are constants. As it will be apparent next, the action principle (|12[) describes general relativity 
with cosmological constant A; the relationship among l±, 1%, Ti, and A will be also displayed. 

Some of the consequences of the new action principle (112[) is that the equations of motion obtained from the variation 
of (fT2|) with respect to the independent fields Q IJ and \i are, instead of Eqs. ((2]) and (O, now given by 

5Q : Fu[A] - 4>uklQ KL + 2h Qu + 2l 2 *Q L , = 0, (13) 
6/jl : ai Vjj 13 + a 2 4>UKLe IJKL -U = 0, (14) 

while the variation of (|12p with respect to A 1 j and iPukl gives the same equations as before, namely Eqs. © and 
(|4]). Therefore, Eqs. © and Q are still valid for the modified action (fl"2)) . and so by plugging into (IT2|) the expression 
for Q I J in terms of the tetrad e , the action principle becomes 



S[e,A] 



[a * (e 1 A e J ) + (3 e 1 A e J ] A F u + + (h a/3 + ^ {a 2 a + p 2 )^j eijklc 1 A e J A e K A e 1 



IJC 1 

Furthermore, by inserting (J6j) into (1131) the curvature acquires the form 



(15) 



Fijkl = 2aip* U kl + W^ukl - 2{l x a + hfiYuKL - 2(h/3 + haa)(T] IK r]j L - r] IL r]j K ), 



(16) 
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with ip*uj(L = \ £ kl MN vpiJMN being the right dual of iPijkl- Since Eqs. ([6]) and ([3]) still hold for the action 
principle (|12j) and they imply that A 1 j is the spin connection, then Fijkl must satisfy the Bianchi identities (j9]), like 
in the case without cosmological constant. Therefore, Eqs. © and (fT6"| imply the following additional restrictions, 

2a (>' jkl + V 1 klj + V 1 ljk) + 2/3 jkl + ^ klj + ^ ljk) - 6{ha + Z 2 /3)e 7 JKL = 0, (17) 

on the components of the Lagrange multipliers ipjjKLi which allow us to rewrite the curvature Fjjxl P6P as 

2 2 
Fijkl = 2aijf IJKL + 2^ IJKL - -a (ip* UKL + ip* IKLJ + i>* iljk) ~ 3^ (^ukl + iPiklj + iPiljk) 

— 2(Zi/3 + haLo){r)iK'njL - Vilt/jk)- (18) 

By plugging (|T5)) into © it is clear that the Bianchi identities ([§]) are satisfied, as it has to be, on account of the 
properties of i/jijkl- 

Up to here, the Bianchi identities have been incorporated in the formalism. The remaining thing to do is to check 
whether Einstein's equations with cosmological constant (flTT) are indeed satisfied or not. In fact, the fulfilling of (fTTj) 
can be accomplished by properly relating the constants f-L, l\, and I2 with A. This is done as follows. First of all, the 
contraction of (|17[) with ejjkl implies a linear equation for the two invariants ipu IJ and iPijkl£ IJKL , given by 

aaifj u IJ + j3ip* u IJ - 12a(ha + h/3) = 0. (19) 

Nevertheless, we also have the Eq. (jT3J) that also relates linearly the two invariants. There is no way to avoid the 
fulfilling of these two equations, the two must be satisfied. By combining them and using ([7]) it is possible to obtain 

y B 2 

Mm ij + ai>*u IJ = 2/3 12Zi/3 - 12/ 2 — , (20) 

a\ a 

which is, by construction, not independent of (|14l) and (fT§|) . Equation (|2"0")) is a key point that allows us to include the 
cosmological constant in the CMPR framework because, on the other hand, Einstein's equations (jlll) are automatically 
satisfied due to the fulfilling of the Bianchi identities [or, equivalently, due to the fact that (jTTJ) or (fTS)) holds] with 
the only exception, given by 

/8V>/j IJ + a ip* u 13 = 12(110 + haa) + 2A. (21) 
Nevertheless, by comparing (j2"D|) and (f2"Tj) . it is easy to see that ([2T]) is satisfied by choosing for T-L the value 



H = a± 



ai a 



(22) 



that is to say, the choice for % given in Eq. ([22]) assures that Einstein's equations ([TT]) are automatically satisfied. 

Finally, notice that when the expressions for the Q's given in Eq. ([5]) and for TL given in Eq. (|22[) are plugged into 
the action principle (|12[) . it acquires the form in terms of the tetrad fields and the Lorentz (Euclidean) connection 



S[e, A] = a J j * (e 1 A e J ) + ^ e 1 A e J A F U [A] - A eukl^ 1 A e J A e K A e L | 



(23) 



as expected; where it was used in the intermediate steps that fiai = — Q IJ A Qu and [iai = — ^ Q IJ A Q* u, 
which come from (j4]). 

In summary, our results are collected in the following items: (a) We have shown that by choosing the expression 
for T-L given in Eq. (|2"2")l and by inserting it into the action principle (|T2"j) . the equations of motion that follow from 
this action principle are precisely Einstein's equations with cosmological constant A exactly in the same way as the 
Plebanski action gives the equations of motion for self-dual gravity with a cosmological constant, (b) There is no need 
to impose by hand additional restrictions on the field variables involved to reach item (a) because the result comes 
out solely from the handling of the equations of motion, (c) One important feature of our construction is that we 
can even set l\ = = I2 from the very beginning into the action (|12l) (and so TL — t^A) and still get the equations of 
motion for general relativity with cosmological constant A. This fact is essentially allowed by the equation given in 
(fl"4|) . which is a modification to the equation of the pure gravity case given in Eq. (0. (d) Other particular cases are 
given by setting l\ = and I2 ^ or by l\ ^ and I2 = with the appropriate modification for T-L using (|2"2"j) . 

To conclude, we compare our approach with the one followed in Ref. 16. The main difference between our approach 
and theirs is given in Eq. (1141) of this paper. This fact is crucial to get precisely Einstein's equations with cosmological 
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constant A. The authors of Ref. [HI do not use Eq. (fT4)) . rather, they use Eq. (J5)). This fact is apparently related 
to the fact that they get a cosmological constant which is a function of the Immirzi parameter. This feature is not 
present in our approach. Furthermore, even though they use the two volume terms constructed out of the Q's, in our 
approach we can get rid of them by considering the particular case in which li = and li — from the very beginning 
and still introduce the cosmological constant. 

We think our results might be of interest for the quantum gravity community and also for the practitioners of 
general relativity. 

Warm thanks to Riccardo Capovilla for very fruitful discussions on the subject of this paper. This work was 
supported in part by CONACYT, Mexico, Grant No. 56159-F. 
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